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1D Multilayer theory

We study general planar waveguides by a transfer matrix approach, rep-
resenting the refractive index n(x) as a stratified material composed of a
succession of discrete layers, each with thickness h; and constant refractive
index n;. This theory can also describe light reflection and transmission in
single and multi-layer structure assembled by layers of different refractive
index, such as anti-reflection coatings and dielectric mirrors.
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TE case

We begin by writing Maxwell's equations for a TE wave with nonzero com-
ponents E,, Hy, H, in a generic layer with refractive index n. Assuming

propagation along z and symmetry along y, we have 9, — —i3, d, — 0,
O — iw, and:

—OxH, — iBH, = iweoany,
OxEy = —iwpoH;z, (1)
iIBE, = —iwpgHx

with 8 = kgnes. By solving the last equation for Hy = —winy, we can
express the system as a function of E, and H,:

{Hz = i-04E,,

. (2)
iwpeOxH, = kg(n2 — nng)Ey
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TE case

We can simplify (2) by introducing the adimensional quantities:

E, . Wl X

with arbitrary constant electric field Egp, into:

Single layer final system

6)(U & _V,
{8 V = (n? 2 U )
WV = (n* — ngg) -
whose solution reads as follows:

- [ ] P - (] o

with v = 1/n? — n2., Uy = U(0) and V, = V/(0).
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TE case

In the m-th layer, we have:

{Um_l] | cos(rmbm) - Enmhn)
Vin1 —Ym SiIN(Ymhm)  cos(Ymhm)

with v, = /02, — ngff. The input-output field in a multilayer composed
by m=1,..., M planar layers is then expressed as:

Multilayer input-ouput field

o] = T, ] -m [t

m=

with M the transfer matrix of the multilayer.
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Waveguide modes

Equation (7) allows to express the electromagnetic field in any point of
the space once the effective index neg is computed. The effective index is
computed by specifying boundary conditions at 00 on the radiation field
outside the multilayer (radiating boundary conditions). In the semi-infinite
regions along x outside the multilayer, for —oco < x < 0 and h < h < c©
with h = )" hp the total thickness of the multilayer, the electromgnetic

field U(x) and V/(x) are expressed by Eqs. (5), with v = \/n? — n2, and
n = ng for x < 0, n = nc for x > h. In the case of guided modes, the

field outside the guiding structure (multilayer) should be evanescent, and
this implies that v in x < 0 and x > h is purely imaginary.
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Dispersion relation

We can therefore express the field in these regions more conveniently as
follows:

{U(X) = Ae™ + Be X, @)

V(x) = K (—Ae™ + Be—)

with k2 = —?. For guided modes, the field should decay away from the
multilayer, and this implies:

UO = A, VO = —KJSA, UM = B, VM = HCB (9)

with ks = 4/n? 2¢ —n2 and ke = n2ff — n2 Inserting these boundary

conditions in the input-output relationship (7

{A: (M11 + kM) B, (10)

—ksA = (Mo + kcMx)B

with M,'J' = (M)U
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Dispersion relation

By diving numerator and denominator, we obtain the desired dispersion
relation for the multilayer slab waveguide:

TE dispersion relation
ksMi1 + kcMoo + Moy + kskc Mo = 0 J

expressed in terms of decaying constants k., ks and the elements of the
transfer matrix for the stack. The solution of this equation furnishes the
values of the effective index ngs of all guided modes. Once the effective
index is known, Egs. (5)-(7), (8)-(9) express the corresponding electromag-
netic fields in all the region of the space.

Exercise: Compute the dispersion relation of a slab waveguide and verify
that it furnishes the same expression obtained via ray optics for TE modes
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TM modes

In the case of a TM field, with nonzero components H,, E; and E,, the the-
ory proceeds as in the TE case. By solving the relevant system of equation,
we obtain the same solution of the TE case with the substitution v — %
This implies that the dispersion relation for TM modes is:

TM dispersion relation
M+ 58 Moo 4 Moy + T57s Mio = 0 J

The complete theory of the multilayer, including the calculation of reflection
and transmission coefficients is found on the Tamir book in the references.
Exercise: writes a program that, given at the input a multilayer structures
with a sequence of M n; and h; stack elements, compute the effective indices
nesr and the modal profiles of all TE and TM guided modes.
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Reference texts

e T. Tamir, Guided-wave optoelectronics (Springer, 1988). Sec. 2.3.3.
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